THE DIMENSION OF INTERSECTIONS OF CONVEX SETS

BY
MEIR KATCHALSKI*

ABSTRACT

In this paper we determine the smallest number 2 = Ak, #) having the follow-
ing property: If % is any finite family of convex sets in Euclidean #-space, and
if the intersection of every & or fewer members of % is at least k-dimen-
sional, then the intersection of all members of ¥ is at least k-dimensional.

Let F” be an n-dimensional vector space over an ordered field F. Suppose 4
is a finite collection of convex subsets of F". A well known theorem by E. Helly
[2, p. 102-108] asserts: If every subfamily & of ¢ of cardinality |37 l <n+1
has non-empty intersection, then N¥ == @. Simple examples show that the
number n + 1 appearing in Helly’s theorem cannot be replaced by any smaller
number. It is the purpose of this paper to determine, for 0 < k < n, the smallest
number h = h(k,n) having the following property.

PROPERTY A(k, n). If 9 is any finite family of convex subsets of F",
and for every subfamily F of ¥ of cardinality |5"| < h, dim NF = k, then
dimn¥% =z k. (0% denotes the intersection of all members of &%, dim K de-
notes the dimension of the convex set K.)

Define, for 0 £k <n, 0 £n < ow0:

n+1 if k=0,

e(k,n) = {max(n+ 1,2n—2k+2) if 1 <k<n.

(Note that c(k,n) =2n—-2k+2if1 2k <in+1), ck,n) =n+1if k=0
or¥n+1)=<k<n)
THEOREM. h(k,n) = c(k,n) for 0 < k < n.

* The contents of this paper forms part of the M.Sc. thesis written by the author under the

supervision of Professor Micha A. Perles at the Hebrew University of Jerusalem and submitted
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ReMARKS. The case k = 0 of our theorem is simply Helly’s theorem. The
case k = nfollows easily by applying Helly’s theorem to the family {intK: K € }.
(Here int K denotes the interior of K.) The case k = 1 was proved by several
authors. (See [3] for a more detailed historical review.) B. Griinbaum attempted
to determine h(k,n) in [3], but the values given by him are incorrect for 2 < k
< n—1. These incorrect values are quoted in [2, §4.1]. (Griinbaum proves
correctly that h(k,n) £ 2n—k for 1 < k < n, but claims without proof that the
opposite inequality holds.)

The following lemma will reduce our theorem to the special case where ¢ is
a family of polyhedral convex cones and N ¥ is a linear subspace of F”.

LemMMA. Let ¥ = {Ky,---,K,} be a finite family of convex sets in E" with
non-empty intersection. Then there exists a family 9’ = {Cy,---,C,} of convex
polyhedral cones with apex 0 having the following properties:

1) for any subset S of {1,--+,t}, dim N{K;: ie S} = dim Nn{C;:ie S};

2) ()'=1Ci is a linear subspace of F".

Proor. Let T = {1,--+,1}. For each subset S of T choose a convex polytope
Pg such that Pg = Nn{K;:ieS} and dim Pg=dim n{K;:ieS}. For each
ieTlet Q; =convU{Ps:Sc T and ieS}. Each Q; is a convex polytope,
0, <= K;, and if S = T'then Pg <= {nQ;:ie S} = n{K;:ieS}; hence, dim n {Q;:
ieS} = dim n{K;:ieS}. Note that Py # @, since Nn{K;:ieT}# 8. Now
choose a point z in the relative interior of Py, and let C; = coneo(Q;—z)=
U{MQ;—2):0 £ LeF} be the cone with apex O spanned by Q;—z. Each C;
is a polyhedral convex cone, and if S = T, then

({Ci:ieS} = coney((}{Q,:ie S} — 2),
and
dim("\{C;: ie S} = dim("}{Q;: i€ S} = dim{"}{K;: ie S},

since z € Q; for all i e T. Moreover, ﬂ§=1 C;, = coneo(ﬂ’i=1 Q; —z) is a linear
subspace of F*, since z erelint ﬂ ;=1 0;. This concludes the proof of the lemma.

Proor oF THEOREM. We have to show, for 1 £ k £ n, that c(k,n) is the
smallest number h having property A(k,n). Now, if i has property A(k,n), then
h + 1 has property A(k,n) as well. It therefore suffices to show:

a) c(k,n) has property A(k,n).

b) c¢(k,n)—1 does not have property A(k,n).
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We first prove a) by induction on n. The case n = 1 is trivial. Supposen = 2,
and let ¢ = c¢(k,n). We have to establish, for all natural numbers ¢, the following
assertion:

P@):If %9 = {Cy,---,C,} is a family of t convex subsets of F , and dim Nn% = k
for all F = G with Iﬂ'l <cthendimn¥ = k.

Assertion P(t) is trivial for ¢t < ¢. If t > ¢, then P(t + 1) follows easily from
P(t) as follows: If 4 = {Ky, - ,H} and dim & = k for all F =% with
| 1<c, then dimn&%F = k for all F ¥ w1th| \<t by P(t). Let

={Kin K,y 1 £i=t}. Then dimnF’ = k for all F <@’ with
|97’| =t—1 = ¢, and therefore dimn ¥’ = ¢, again by P(t). But n %' = n ¥,

It remains to prove assertion P(c+ 1). Let 4 = {Cy, --,C,,,} be a family
of ¢ + 1 convex subsets of F*, and suppose dim NF = k for all F = % with
lﬁ l < c¢. We shall show since that dim N4 > k. By Helly’s theorem we know
that "% # @, since ¢ = n+ 1. We may therefore assume, using the lemma,
that each C; is a polyhedral convex cone with apex 0, and that N ¥ is a linear
subspace of F".

Suppose dim N¥ = [ < k. We distinguish two cases and obtain a contra-
diction in each case.

Case 1. 1>0.

Let Hc F" be a hyperplane through 0, such that n % ¢ H. Hence
dimHn(n%) =1-1<k—1.If # ¥, then H is not a supporting hyperplane
of n &, since H does not even support N ¥ . It follows that if # < ¢, | ] Zec
thendimH N(NnF) =dimnF~ 1= k—-1.Defined’'={HNCy,,HNC,{}
Note that c¢(k —1,n —1) < c(k,n) = c. Therefore, if F <%’ and |F]| <
¢(k—1,n—1), then dimF = k—1. It follows by the induction hypothesis that
dim n ¥ =z k—1. But "9’ = H n (n¥), and we have seen that
dimH n(n%)) =1-1<k—1, a contradiction.

Case 2. 1=0.

In this case N = ()2 C; = {0}. Define, for 1<i<c+1: C_; =
N{C;:1£j=£c+1,j#i}. By assumption, dimC_; = kfor 1 <i<c+1.

Among all (¢ + 1)-tuples (ay,---,a.4,) such that g,eC_; for 1 £igc+1
choose one, say (by,---,b..1), of maximal rank (linear dimension). Suppose
rank(by,--,b.p 1) = m (m < n) and assume, for convenience’s sake, that
rank(b,, -, b,) = m. Let B = {by,---,b,}. If m<i<c+1, and a,eC
than a; is a linear combination of B, because of the maximal rank of B. Suppose

—i
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a; = X,es,%b,—~ X .s-0b,, where S,,S_ are disjoint (possibly empty)
subsets of {1,---,m}, and 0<a,eF for reS, US_. Let z= X, 5, ob,
=ag;+ X,.s.0%b. If1<j<c+1 and j¢S,, then b,eC_, = C; for all
reS,. Hence zeC;. If je§,, then j¢S_ U {i}, and again b,e C_, = C; for
all reS_ and also ;e C_; = C;. Hence zeC;.

It follows that zeN% = {0}, and therefore S, = ¢@.

Ifm+1=2i<j=c+1,and a;eC_;, a;eC_;, then we have, by the pre-
ceding paragraph.:

a=— X ab, a;,=~ X ub,

J
reS; reS;

where S;,S; < {1,---,m} and a,,a,>0.
Let

z = — 2 min(e,x)b,,
reSinS;

T = (Sl - S,)U{rGS,ﬁSJ:OC,><x;},

T = (S;—-S)freS;NS;:a, >a,}.

Tand T’ are disjoint subsets of B.
Since

z =a,+ X ab— X min(x,a)b,

resS; re $;nSy

a; + X ab,— X min(a,a)b,,

reS; re $;nS;

we see that z can be written as a positive linear combination of either one of the
disjoint sets {a;} U {b,:re T}, {a;} U{b,:reT'}. It follows as in the preceding
paragraph, that zeC, forall I S r<c+1.Hence z=0, §;n §;, =8.

Now choose points ¢;€e C_; for m+1 £ i £ ¢+ 1. With each point a; we
associate a subset S; of {1,---,m}, as above, suuch that o, = — X, s a,b,,
O<aeF.

Since dim C_; = k, we can choose a point a;€ C_; which is not a linear combina-
tion of fewer than k points in B, and therefore |Sil = k. Thesets S, 1, 5,41
are pairwise disjoint. Hence

(c+1—-—mk = m.

Since m < n we obtain (c+1—-n)k <n, or ¢lkyn)=c=nlk+n—-1. To
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derive a contradiction, we show that c(k,n) > n/k + n—1. Indeed, if (n + 1)
£k<n, then ck,n)=n+1>nk+n-1. If 1 < k<%i(n+1)then c(k,n)
= 2n — 2k + 2 and n = 2k, and therefore
(c(k,n) + 1—=mk—n = (n +3-2k)k—n = n(k—1) + 3k—2k>

> 2k(k—1) + 3k —2k* = k>0.
This concludes the proof of a).

We now prove b),i.e., ¢(k,n) — 1 does not have property A(k, n). This is done
by constructing examples of finite families ¥ of convex sets in F", such that
dim "% < k,butdim nF = kforevery subfamily & of % with l l< c(k,n)—1.

Let ey, -+, e, be alinear basis of F*. Each point x € F” can be expressed uniquely
as x = Xi.,&e;, EeF.

Case 1. 1sk=4(n+1). In this case olk,n)=2n—-2k+2. Let
9 = {4,,-,4,,}, where

A,:{xeF":figO\,
Ay ={xeF" (<0} for 1<ign

Then N % = {0}, i.e., dimN¥ = 0, but the intersection of every 2n — 2k + 1
members of ¥ is at least k-dimensional.

Case 2. k=0 or }(n+1) <k =<n. In this case c(k,n) =n+1. Let

G = {Ap, A}, -, A} where A = {xeF": LI & < —1}, and A/ = {xeF"
& =0} for 1 £i<n. Then N¥' =8, Le., dimn¥%' = —1, but the inter-
section of every n members of ¢’ is n-dimensional.

This concludes the proof of b), and we have therefore proved our theorem.

We now outline an alternate proof of our theorem, which uses the following
result of Bonnice and Klee [1, corollary 2.12]:

Let e be an integer, 0 < e < n. If ¥ is a finite family of polyhedral convex
cones with apex 0 in F", and if n ¢ = {0}, then there exists a subfamily F
of  with |#| £ max(n +1,2(n—e)) and dim N F < e

(The original version of corollary 2.12 in [1] deals with an arbitrary (possibly
infinite) family of closed convex cones in R*. The restriction to finite families
of polyhedral cones is necessary if we work with an arbitrary ordered field F
instead of the real field R).

Let 4 = {C,,---,C,} be a finite family of convex polyhedral cones with apex
0 in F*, and suppose N ¥ is a linear subspace of F". Assume thatdimNn% = k
for alln & <= ¢ with | ] Scknybut dmn¥ =1l<k (1 £k £n)
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If [ >0, then we reduce the dimension by one and obtain a contradiction to
the case k—1, n—1 of our theorem, as in case 1 of the previous proof. If | = 0,
then we apply the quoted result of Bonnice and Klee with e = k—1, and find
a subfamily % of % with lg"] < max(n + 1,2(n—k + 1)) = e(k,n) and
dim N % £ k—1 <k, a contradiction.

Remark. The result quoted above, which is essentially the bracketed part of
[1, 2.12] follows clearly from our theorem, with k = e+ 1. The unbracketed
part of [1,2.12] follows quite easily from the bracketed part. The principal
result of section 2 of [1], theorem 2.5, follows easily from [1, 2.12] via [1, 2.11]
and [1, 2.6]. The p1oof given in this paper can thus serve as an alternative ap-
proach to section 2 of [1].

We conclude the paper with an open problem due to Micha A. Perles. Let
9 = {Ky,,K;} be a finite family of convex subsets of F*. Let T = {1,--,t}
and define for S < T: d(%,S) = dimn {K;: i€ S}. From our theorem it follow

that
d(%,T) = min{d(94,S): S T,

S| < 2n}.

The value of d(%,T) is thus determined by the values of d(%,S) for S< T,
ISI < 2n. It is not hard to show that the number 2»n in the previous statement
can be replaced by 2n—1 if n = 2. Can it be replaced by any smaller number?
More specifically, we ask for the smallest number i = h(n) having the following
property:

If 9 ={K;:ieT} and ¥’ = {K[:ie T} are two finite families of convex
subsets of F*, and if d(¥,S) = d(¥',S) for all S< T with ]S[ < h(n) then
d(%,T) =d%',T). All we know is that n + 1 < h(n) £ 2n—1 for n = 2.

I conjecture that i(n)=r+1 for all n.
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